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&&Buzz-saw'' noise radiated from an aero-engine inlet duct occurs when the relative speed
of the inlet #ow impinging on the fan blades is supersonic. The pressure "eld attached to
a supersonic ducted fan, in a direction normal to the shock fronts, closely resembles
a sawtooth waveform. The non-linear propagation of a high-amplitude sawtooth waveform
spiralling around a duct is calculated by two numerical simulation models. The models and
their validation are discussed critically. Results are presented comparing the numerical
simulations with experimental data. Overall there is good agreement comparing the results
of the simulations with the experimental data, and in particular, the &&Buzz-saw'' noise in
a hard-walled aero-engine inlet duct is successfully predicted.
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1. INTRODUCTION

Entry into service in the 1970s of higher bypass ratio aircraft engines led to the emergence of
an additional noise source generated by aircraft engine fans. The prevalent noise sources
from earlier generations of aircraft engine fans were commonly divided into two categories:
tonal and broadband noise. Tonal noise is generated by rotor}stator interactions and is
typically a high pitched &&shrill whine'', with a corresponding frequency spectrum
characterized by energy at harmonics of the fan blade passing frequency. Broadband noise
is usually generated by #ow turbulence and random vortex shedding.

The new aircraft engines now operate with fan tip speeds exceeding sonic velocity. This
generates tones with frequencies at multiples of the engine shaft rotation frequency. This
noise source has been referred to as &&combination'', &&multiple pure'' or &&Buzz-saw'' tones;
the latter because (allegedly) the sound is similar to that of a circular buzz-saw. The
subjective quality of the &&Buzz-saw'' noise will be more &&ragged'', and at a lower pitch, than
the tonal noise heard from a fan operating at subsonic conditions.
&&Buzz-saw'' noise is particularly apparent during take-o! and climb, and a!ects both the

cabin and community noise levels. With the continual growth in commercial air tra$c, in
addition to increased public expectations regarding noise levels, the prediction and control
of aircraft engine noise emissions remains an important factor in their design. Whilst the
majority of research on &&Buzz-saw'' noise appears to have been during the early 1970s, the
problem remains of practical interest because of the design of newer and larger engines, and
increasingly stringent noise requirements.

The generation of &&Buzz-saw'' noise has been addressed by several authors in the 1970s
including: Philpot in 1970 [1]; Hawkings, Kurosaka, Fink all in 1971 [2}4]; Pickett in 1972
[5] and Stratford and Newby in 1977 [6]. At this time the mechanism (described below)
generating &&Buzz-saw'' noise was reasonably well understood by these authors.
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Figure 1. Shock-wave generation by a supersonic fan.
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A simple plane two-dimensional model of the &&rotor-alone'' pressure "eld, with
supersonic #ow impinging on the fan rotor blades, is shown in Figure 1. For this model it is
assumed that the approach #ow is uniform (no inlet guide vanes), weak-shock theory is
applicable and that dissipative e!ects due to viscosity and heat conduction are neglected.
The Mach numbers of the approach #ow and fan blade tips are M

a
and M

t
respectively. This

results in a #ow impinging on the rotor blades with relative Mach number M
rel

.
For M

rel
'1 the pressure "eld consists of a series of bow shock waves and

Prandtl}Meyer expansion fans. The expansion fans facilitate turning of the #ow onto the
suction surface of each rotor blade. The pressure signature in a direction normal to the
shock fronts will resemble a sawtooth once the shock waves and expansion fans have
coalesced into a continuous waveform, which is assumed to occur shortly upstream of the
fan.

The pressure signature associated with an ideal fan, consisting of precisely identical rotor
blades in a uniform #ow, will be a regular sawtooth (Figure 2(a)). The frequency spectrum of
a regular sawtooth (Figure 2(b)) only contains energy at the blade passing frequency (BPF)
harmonics. All the shocks propagate upstream of the fan at the undisturbed speed of sound
a
0

relative to the oncoming #uid (weak-shock theory), and therefore the blade-to-blade
periodicity in the pressure signature is maintained. Thus, the pressure signature remains
a regular sawtooth, with shock strength that decays asymptotically as z~1, where z is the
axial distance upstream of the fan. Figure 3 shows the resulting pressure signature (and
frequency spectrum) on propagating this regular sawtooth over the length of a typical inlet
duct. The energy remains at the BPF harmonics, and therefore high-pitched tonal noise
(predominantly at BPF) is predicted to be radiated from the inlet of an ideal fan.

In practice, the rotor blades will not be precisely identical; there will be small variations
between the blades' pro"les, spacings and stagger angles. Hence, the pressure signature will
be an irregular sawtooth (Figure 4(a)) which contains features that repeat only once per
engine revolution. The frequency spectrum of an irregular sawtooth (Figure 4(b)) now
contains energy distributed amongst harmonics based on the engine rotation frequency F,
namely Engine Orders (EO).

Shortly upstream of the fan the dominant energy is still at the BPF harmonics
(Figure 4(b)). The shocks in an irregular sawtooth will propagate upstream of the fan at
slightly di!erent speeds, and therefore the shocks in the sawtooth will become increasingly



Figure 2. Example of a regular sawtooth generated by an ideal fan (with 10 rotor blades): (a) pressure signature
and (b) frequency spectrum.

Figure 3. Example of a regular sawtooth located near the end of the inlet duct: (a) pressure signature and (b)
frequency spectrum.
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non-uniformly spaced. On propagating this irregular sawtooth over the length of a typical
inlet duct, the resulting pressure signature (and frequency spectrum) is shown in Figure 5.
The blade-to-blade periodicity observed in the pressure signature near the fan has been lost,
and the dominant energy is now at EO harmonics whose frequencies are less than BPF. The



Figure 4. Example of an irregular sawtooth generated by a non-ideal fan (with 10 rotor blades): (a) pressure
signature and (b) frequency spectrum.

Figure 5. Example of an irregular sawtooth located near the end of the inlet duct: (a) pressure signature and (b)
frequency spectrum.
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redistribution of acoustic energy between the EO harmonics occurs during the non-linear
propagation of a high-amplitude irregular sawtooth pressure waveform. The non-linear
propagation of a regular sawtooth only redistributes acoustic energy between the BPF
harmonics. Therefore, a lower-pitched more &&ragged'' noise is predicted to be radiated from
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the inlet of a non-ideal fan because of the presence of energy in the low-frequency EO
harmonics.

The EO harmonics are spinning modes which are all steady in a frame of reference
rotating with the rotor/fan. Hence, in this paper the EO harmonics (including the BPF
harmonics) are de"ned as the &&rotor-alone'' tones, whereas the &&Buzz-saw'' tones are de"ned
as the EO harmonics with frequency less than BPF. The characteristic &&Buzz-saw''
signature of a supersonic fan will resemble Figure 5(b) with the dominant acoustic energy at
frequencies less than BPF.

Stratford and Newby considered the sources of blade non-uniformities, and suggested
that the initial variations in shock strength are largely attributable to stagger angle
variations of O (0)13). They proposed that the shock detachment distance (from the fan's
leading edge), controls the variation in shock strength observed near the fan. This distance
depends upon the amount of #ow spillage between neighbouring blade passages, and is
predominantly a!ected by variations in the blade stagger angle.

In this paper, two numerical simulation models are used to calculate the non-linear
propagation of an irregular sawtooth which traces out a helical path as the waveform
spirals around the duct. It is assumed that the #ow is only supersonic at a radial location
close to the rotor blade tips. Then, a sawtooth waveform spiralling upstream in an inlet duct
will be con"ned to a nominally "xed radial location &&close'' to the duct wall. This waveform
will be steady in a frame of reference rotating with the rotor/fan, and therefore is de"ned as
the &&rotor-alone'' pressure "eld. With increasingly high tip speeds there will be supersonic
#ow over more of the blade span, and it is anticipated that three-dimensional e!ects will
become signi"cant. However, for all the operating conditions studied in this paper the radial
extent of supersonic #ow over the blade span will be con"ned to a small region close to the
rotor blade tips.

Morfey and Fisher in 1970 [7] calculated the non-dimensional &&time of #ight'' ¹ of
a wave spiralling around a duct in terms of the axial distance upstream of the fan z:

¹"a
0
t/j"(z/D)K, (1)

where

K"

B

n
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(2)

and j is the inter-shock spacing (m), B is the number of fan blades and D is the duct
diameter (m).

Morfey and Fisher also calculated the non-linear attenuation of a regular sawtooth in
terms of the &&time of #ight'' ¹. By using the weak-shock theory, the velocity v of a point on
a pressure waveform is calculable in terms of the pressure p at that point. Similarly, the
velocity of a shock front v

s
is calculable in terms of the amplitude of the shock mid-point

pressure p
m
. Thus,
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, (3, 4)

where the pressure p is the deviation from the mean static pressure P
0
, c is the adiabatic

constant, and o
0

the mean density.
For a regular sawtooth the attenuation on the high- and low-pressure sides of each shock

will therefore be equal, and the waveform will maintain it's shape during propagation. The
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non-linear attenuation of a regular sawtooth is given by

p
s
(¹)"

P
0
s

1#A
c#1

2c B¹s

, (5)

where p
s
is the amplitude of the shock and s"p

s
(0)/P

0
is the (non-dimensional) starting

shock strength. When ¹sA1 equation (5) reduces to

p
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(¹)+A

2cP
0

c#1B
1

¹

(6)

with a shock strength p
s
now independent of the starting shock strength s. This suggests

that for a regular sawtooth a reasonable prediction of the shock strength at the end of
the duct may be obtained without a precise knowledge of the shock properties near the
fan.

The non-linear propagation of shock waves upstream of a supersonic fan will be
calculated in terms of ¹ in each of the simulation models discussed in this paper. This
simpli"es the problem because ¹ is dependent upon the operating conditions (M

a
and M

t
),

as well as the number of rotor blades B and the diameter of the duct D (cf. equations (1) and
(2)). Therefore, changes in any of these parameters may simply be related to a change
in ¹.

In section 2, the prediction of the non-linear propagation of an irregular sawtooth is
considered. Two alternative simulation models are discussed. The acronyms Time Domain
Numerical Solution (TDNS) and Frequency Domain Numerical Solution (FDNS) are
introduced in order to identify the non-linear propagation models described in sections 2.1
and 2.2 respectively. (The identifying names TDNS and FDNS re#ect the spirit in which
each of these models were developed.)

The non-linear propagation of an irregular sawtooth is calculable in the time domain.
The "rst model (TDNS) was described by Fisher et al. in 1998 [8], and is similar to
a method described by Hawkings in 1971 [2]. Brief results of Fisher et al. suggested that the
BPF tone in a hard-walled inlet duct may be predicted reasonably well by using TDNS. In
this paper, spectral comparisons between numerical simulations and experimental data will
also be included.

Fisher et al. recognized that the applicability of using TDNS is limited to hard-walled
inlet ducts. In practice, most inlet ducts on modern aero-engines have an acoustic liner on
the duct wall (i.e., a soft-walled duct). Therefore, Fisher et al. proposed an alternative
simulation model, FDNS, in which the problem is transformed into the modal/frequency
domain in order to include (approximately) the e!ect of an acoustic duct liner.

In this paper, the FDNS model is developed further from the original model proposed by
Fisher et al. It is anticipated that the model will be used primarily for noise predictions with
soft-walled inlet ducts. However, in hard-walled inlet ducts the &&cut-o! '' phenomenon may
also be included in FDNS. Results in this paper are con"ned to comparisons with
experimental data obtained in a hard-walled inlet duct. These show that by using FDNS the
EO frequency spectrum measured in the inlet duct at axial stations upstream of the fan may
be reasonably well predicted. In particular, the &&Buzz-saw'' tones are closely predicted by
the numerical simulation. In a hard-walled inlet duct FDNS provides a signi"cant
improvement over TDNS because of the inclusion of &&cut-o! '' in the model.

The FDNS model derived in section 2.2 is in theory applicable to both hard- and
soft-walled inlet ducts. In a subsequent paper, the applicability of using FDNS with
a soft-walled inlet duct will be discussed.



Figure 6. Shock merging.
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2. NON-LINEAR PROPAGATION MODELS

The non-linear attenuation of a regular sawtooth predicted by equation (5) (or
approximately by equation (6)) provides a simple analytic expression for the decay of the
BPF tone in a hard-walled inlet duct. However, the generation and subsequent non-linear
propagation of harmonics of the engine rotation frequency, i.e., EO harmonics, are not
included in the regular sawtooth model.

In this section, two numerical simulation models are outlined which predict the
non-linear propagation of an irregular sawtooth spiralling upstream in an inlet duct. The
"rst model (TDNS) calculates the non-linear propagation of a sawtooth waveform in
the time domain. The second model (FDNS) expresses a sawtooth waveform in terms of
a summation of Fourier harmonics (equivalent to the EO harmonics). The attenuation of
each harmonic is then calculated by integrating a series of coupled di!erential equations.

The initial construction of an irregular sawtooth resembling the pressure signature close
to the fan in an inlet duct is discussed later in section 3.2.

2.1. TDNS MODEL

The non-linear propagation of an irregular sawtooth is calculable in the time domain by
using the weak-shock theory in equations (3) and (4) because these specify the velocity of
each point on the waveform. In TDNS, an irregular sawtooth is constructed (nominally
located at a small distance upstream of the fan), and then the waveform's propagation is
calculated in the time domain, which may be simply translated into axial distance
z upstream of the fan by using equation (1).

The shocks propagate at di!erent velocities, and therefore at some point two (or more)
shocks may merge. Figure 6 sketches two shocks merging. The expansion fan gradient
q remains unaltered; however, the new shock's amplitude will equal 2p

s
, with a mid-point

pressure equal to the average of the mid-point pressures of the two shocks which have merged.
Further details about the TDNS model are described by Fisher et al. Currently, TDNS is

written in MatLab, and the run-time (over a typical duct length) is about 60 s on a modern
PC. Hence, it is an extremely useful model to use to run a large number of simulations in
a short time period.

The plane two-dimensional model of the &&rotor-alone'' pressure "eld does not include the
inlet duct wall. Therefore, this planar model compared with the inlet duct (sketched in
Figure 7) may be thought of as equivalent to a model without the inclusion of the radial
dependence r. In order to include the e!ect of &&cut-o! '' (hard-walled duct) or liner
performance (soft-walled duct), it is required to transform the problem into the
modal/frequency domain, because &&cut-o! '' and liner performance are determined by mode
number and frequency. This may not be easily incorporated into the time domain.

2.2. FDNS MODEL

Consider a cylindrical inlet duct containing a uniform axial #ow with Mach number M
a
,

and take cylindrical polar co-ordinates (r, h, z) such that the centre of the duct is aligned
with the z-axis, and the duct wall is at r"b (cf. Figure 7).



Figure 7. Cylindrical inlet duct.
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Assume that a harmonic noise source (with frequency u) is introduced into the duct,
resulting in a harmonic pressure "eld p (r, h, z, t)"pL (r, h, z) exp(iut) which satis"es the
convected Helmholtz equation

Aik#M
a

L
LzB

2
pL "+ 2pL , (7)

where k"u/a
0
.

It is well known (e.g., as shown by Eversman [9]) that on separating the variables r, h and
z a modal solution of equation (7) will be of the form
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m and n are integers, A
mn

is a constant and J
m

is the Bessel function of the "rst kind of order
m. Modal solution (8) has azimuthal and axial wavenumber m and k

z
, respectively, and

radial eigenvalues denoted by i
mn

.
The boundary condition for a duct with a locally reacting wall with (non-dimensional)

speci"c acoustic impedance Z reduces to the following eigenvalue problem:
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where A"1/Z is the speci"c acoustic admittance. In a hard-walled inlet duct A,0 and
equation (10) reduces to

J@
m
(i

mn
b)"0, (11)

where the radial eigenvalue i
mn

denotes the nth turning point of the Bessel function J
m
.

In a hard-walled inlet duct a mode is said to be &&cut-o! '' when k
z
is complex. A &&cut-o! ''

mode decays exponentially, and from equation (8) has the form

pL
mn

(r, h, z)"A
mn

J
m
(i

mn
r) exp[i(!k

zr
z$mh)] exp(k

zi
z), (12)

where k
z
"k

zr
#ik

zi
, and it is understood that the sign of the square root in equation (9) is

chosen such that k
zi
(0 for modes propagating in the positive z direction, and k

zi
'0 for

modes propagating in the negative z direction.
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The &&rotor-alone'' pressure "eld attached to a supersonics ducted rotor may also be
expressed as a superposition of modes; however, in this case, each mode will be steady in the
rotor's frame of reference. Therefore, the &&rotor-alone'' pressure "eld will consist of
a superposition of modes whose angular frequency u and azimuthal wavenumber m are not
independent. The ratio u/m (circumferential phase velocity) will be constant, and will equal
2nF. Therefore, the azimuthal wavenumber m is equivalent to the Engine Order (EO).

In general, over the range of operating conditions (i.e., values of M
a

and M
t
) of

a supersonic fan, radial modes with n*2 will usually be &&cut-o! ''. The "rst radial mode
n"1 will also frequently be &&cut-o! '' for the low EO modes, i.e., m"1, 2, 3,2. Therefore,
it is plausible that a superposition of only the "rst order radial modes will give a reasonable
approximation to the acoustic pressure "eld in a cylindrical inlet duct, because the majority
of higher order radial modes will be &&cut-o! ''. The energy in the "rst radial mode is
distributed largely near the duct wall (because there is a maximum point in the Bessel
function at the wall). Thus, a two-dimensional (h, z) acoustic pressure "eld, with r constant
(and nominally taken to be r+b) is used to approximate a three-dimensional (r, h, z)
acoustic pressure "eld in a hard-walled cylindrical inlet duct.

The predicted linear attenuation with axial distance upstream of the fan, for the &&cut-o! ''
EO modes is given by

DpL
mn

D"DpL
mn

(z"0) D exp(k
zi
z). (13)

The length of the inlet duct for a typical aero-engine (with the fan located at z"0, and the
end of the inlet duct at z"L) is ¸+1

2
D. Therefore, by solving the eigenvalue problem

de"ned by equations (9) and (10), and using equation (13), the linear attenuation per duct
length may be predicted for each EO m. The solution of this eigenvalue problem has been
discussed by Eversman [9]. In a hard-walled inlet duct, the linear attenuation will only be
non-zero for EOs which are &&cut-o! ''.

Now de"ne the moving spatial co-ordinate x (with velocity a
0
) to be the direction normal

to the shock fronts (cf. Figure 1). Then it is well known (e.g., as shown by Crighton [10] and
Whitham [11]) that the non-linear propagation of a simple wave may be described by

Lp

Lt
#

c#1

2o
0
a
0

p
Lp

Lx
"0. (14)

In the book by Crighton et al. [12] (see pp. 648}656) the &&simple wave equation'' (14) is
derived from the non-dissipative Euler equations by using the method of multiple scales.
Equation (14) is also derived in gas dynamics by using the theory of Riemann Invariants,
and therefore equation (14) was referred to as the Riemann equation by Fisher et al.

On substituting the non-dimensional variables

¹"

a
0
t

j
, X"

2n
B

x

j
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c#1

2c B
p
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0

, (15)

into equation (14), the non-dimensional &&simple wave equation'' is

LP

L¹
#

2n
B

P
LP

LX
"0. (16)
sThese comments also apply to subsonic ducted rotors but the associated modes are always &&cut-o! '' and need
not be considered further.
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Assuming the weak-shock approximation remains valid, the propagation of a waveform
including weak shocks may still be described by equation (16) (cf. the book by Whitham
[11], p. 176).

Fisher et al. recognized that the e!ect of an acoustic liner on the attenuation of an
irregular sawtooth spiralling around a soft-walled inlet duct may be modelled by
transforming equation (16) into the modal/frequency domain. This frequency-domain
approach was "rst suggested by Fenlon [13] in 1971 (and has been implemented by several
authors since).

Express the irregular sawtooth in terms of a complex Fourier series

P(X, ¹)"
=
+

m/~=

C
m
(¹)e*mX, (17)

where C
~m

"CI
m

( 3 denotes complex conjugate), and C
0
,0. Then substitute equation (17)

into equation (16) to obtain the coupled spectral di!erential equations:
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l
CI
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The &&simple wave equation'' is a lossless propagation equation; the non-linear term
transfers energy between the modes, but there will be no net change in the acoustic energy.
It is assumed that dissipation occurs only at the shocks. (In TDNS, it is implicitly assumed
that the energy dissipated by the shocks is equal to the loss of energy predicted by the
non-linear attenuation of each shock.) Therefore, in order to predict the non-linear
attenuation of the shocks by using this lossless propagation equation, the Fourier series
representation of the irregular sawtooth may not be truncated. However, on numerically
integrating equation (18) it is necessary to truncate the second summation. Thus,
a dissipative term is required to be included in this model equation.

The simplest model that describes the combination of non-linearity and dissipation is
Burgers equation, which may be written as

LP
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#
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B

P
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LX
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e
B2

L2P

LX2
, (19)

in terms of the non-dimensional variables (15). The di!usive term (e/B2)L2P/LX2 is added to
the RHS of equation (16) to form Burgers equation. The di!usive term is included to
explicitly dissipate energy, particularly at frequencies close to where the in"nite summation
in equation (18) is truncated. The calculation of a suitable value for e, which is called here
the dissipation constant, is described in section 2.3.

Fisher et al. suggested the inclusion of a linear attenuation term !p (m)C
m

in
equation (18), which is mode number (or frequency) dependent, in order to approximate the
liner damping. This is e!ectively an absorption term. (In 1980, Korpel [14] "rst used
coupled spectral equations that included the e!ect of both absorption and dispersion.)

In a hard-walled inlet duct the inclusion of this linear attenuation term is used to
incorporate the e!ect of &&cut-o! '', whence p (m)O08EO m is &&cut-o! ''. The modi"ed
coupled spectral di!erential equations (with the inclusion of the numerical dissipation term
and the linear attenuation term) are now:
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The linear attenuation rate p (m) is dependent upon mode number (or frequency), and is
calculated by setting

p (m)"Re G
ik

z
D

K H"!

k
zi
D

K
, (21)

where k
z
is the axial wavenumber for the (m, 1) duct mode, and K is de"ned by equation (2).

In order to initiate this calculation one needs a waveform at an arbitrary position (¹+0)
upstream of the fan from which an initial set of Fourier coe$cients may be determined. This
may be obtained from a CFD calculation, for example, or determined from acoustic
measurements near the fan as described in section 3.2. Subsequently, one proceeds to
successive axial stations in the duct "nding the new Fourier coe$cients C

m
by integrating

equation (20) using a fourth order Runge}Kutta numerical integration scheme. The
Fourier series is truncated at the m"Nth term. Currently, FDNS is written in FORTRAN,
and by choosing a suitable value for the dissipation constant (say e"e

c
), the number of

terms required in the Fourier series is typically N"100]B. Then the run-time (over
a typical duct length) is about 1 hr on a modern PC.

The non-linear spectral interactions may be analyzed by close inspection of equation (20).
The non-linear terms C

m~l
C

l
and C

l
CI

l~m
describe the transfer of energy between the

modes. Non-linear interactions a!ecting the energy in the mth mode occur between modes
whose mode numbers either sum (C

m~l
C

l
), or di!erence (C

l
CI

l~m
), to the value m.

In a regular sawtooth the BPF harmonics are attenuated by the transfer of energy to
higher frequency BPF harmonics (where the higher frequencies are more e$ciently
dissipated by the shocks). The di!usive term in Burgers equation is proportional to m2, and
therefore the higher frequencies will be more e$ciently dissipated by this model equation.

In theory, when P@1 (i.e., linear acoustics) equation (20) should reduce to
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with equation (23) equivalent to equation (13). However, equation (20) reduces to
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m
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In FDNS, when P@1 there will be too much numerical dissipation in the model. However,
in the frequency range of interest (which will typically be up to about 4 or 5]BPF) the
di!usive term is small compared with its size at the higher frequencies The amount of
dissipation required in the FDNS model (i.e., the size of the dissipation constant e) is directly
related to the number of Fourier harmonics N to be calculated, and the accuracy required.
With a regular sawtooth it is demonstrated in section 2.3 that by setting N"100]B the
FDNS model accurately predicts the Sound Pressure Level (SP¸) up to at least 5]BPF,
over a distance greater than the length of a typical inlet duct.

2.3. VALIDATION OF THE FDNS MODEL

First, the FDNS model is validated by comparison with the theory for a regular
sawtooth. By using the theory for a regular sawtooth as a basis for the FDNS model,
a suitable dissipation constant e"e

c
is found. It is presumed that the amount of dissipation



Figure 8. FDNS: BPF harmonics 1}50, (a) e(e
c
, (b) e"e

c
and (c) e'e

c
. Comparison between the theory for

a regular sawtooth and FDNS results on propagating a regular sawtooth waveform over the length of a typical
inlet duct: } } }, regular sawtooth; s, FDNS.
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required for a regular sawtooth will be of the same order for an irregular sawtooth, and the
comparison between TDNS and FDNS results to be reviewed later in this paper
(Figures 11 and 12) supports this assumption.

The amount of dissipation introduced into the model depends upon the number of
Fourier harmonics N to be calculated, and the accuracy required. Figure 8 demonstrates
the e!ect of calculating the BPF harmonics for a regular sawtooth by using three di!erent
values of the dissipation constant (and setting N"100]B). Figure 8(a) demonstrates the
e!ect of too little dissipation in the model. Energy is transferred to the high frequencies and
harmonics close to the truncation point gain energy which is not dissipated. This leads to
poor agreement with the theory for a regular sawtooth over the entire frequency range.
Figure 8(b) shows that with e"e

c
it is possible to match approximately the "rst 10 BPF

harmonics with the theory (by calculating up to the 100th BPF harmonic). Finally,
Figure 8(c) demonstrates the e!ect of too much dissipation in the model. A comparison of
the lower BPF harmonics in Figure 8(b) and 8(c) shows that too much dissipation has little
e!ect on the "rst BPF harmonic. Therefore, in this model the e!ect of too much dissipation
is preferable as opposed to too little. Typically, one can analyze the results up to the fourth
BPF harmonic, and provided there is a su$cient amount of dissipation in the model, the
precise amount does not need to be determined exactly.

Figure 9 shows BPF harmonics 1}4, and Figure 10 BPF harmonics 5, 10, 15 and 20,
against the prediction for a regular sawtooth. There is good agreement up to between the
5th and the 10th BPF harmonic. It is assumed that although the higher BPF harmonics
are necessarily dissipated more rapidly than is predicted for a regular sawtooth (because the
Fourier series is truncated), non-linear interactions between these very high frequencies do
not signi"cantly a!ect the lower frequencies within the range of interest.



Figure 9. FDNS: BPF harmonics 1}4. Comparison between the theory for a regular sawtooth and FDNS
results: } }}, regular sawtooth; s, 1]BPF; h, 2]BPF; n, 3]BPF; e, 4]BPF.

Figure 10. FDNS: BPF harmonics 5}20. Comparison between the theory for a regular sawtooth and FDNS
results: } }}, regular sawtooth; s, 5]BPF; h, 10]BPF; n, 15]BPF; e, 20]BPF.
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Secondly, results between TDNS and FDNS are compared (on setting p,0 in equation
(20)), to validate the use of Burgers equation when modelling the non-linear propagation of
an irregular sawtooth. This comparison is also used to demonstrate the limitation of TDNS;
namely that the evanescent decay of the &&cut-o! '' modes is not included in this model.



Figure 11. TDNS/FDNS: BPF harmonics 1}4. Comparison between TDNS results and FDNS results for an
example of an irregular sawtooth: } } }, regular sawtooth;**, TDNS; s, FDNS. (a) 1BPF; (b) 2BPF; (c) 3BPF;
(d) 4BPF.

Figure 12. TDNS/FDNS: EO 1}96. Comparison between TDNS results and FDNS results for an example of an
irregular sawtooth: (a) near the fan and (b) near the end of the inlet duct. **, TDNS, s, FDNS.
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A direct comparison between the results for TDNS and FDNS is shown in Figures 11 and
12. Figure 11 shows BPF harmonics 1}4 against ¹, whilst Figure 12 shows the EO
frequency spectrum (a) near the fan and (b) near the end of the inlet duct. The initial
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irregular sawtooth constructed to be used in this comparison is similar to the waveforms
constructed in section 3.2 for the model FANPAC fan operating at 80% design. (Compare
the EO frequency spectrum near the fan in Figures 12(a) and 15(a).)

Provided a large number of harmonics are calculated (with dissipation included in the
FDNS model), the two di!erent simulation models generate identical results. These results
(when compared with the results in section 3.3) will demonstrate the e!ect of not including
&&cut-o! '' in the model. Note that in Figure 11 the attenuation of the BPF harmonics for an
irregular sawtooth is signi"cantly greater than the predictions for a regular sawtooth.
Further note that in Figure 12 the amplitude of the low-frequency EO modes remains high
by the end of the inlet duct. These observations will be discussed in section 3.3 when
compared with results which include &&cut-o! ''.

3. RESULTS

3.1. EXPERIMENTAL RESULTS

The experimental results presented in this section were obtained by Rolls}Royce plc
during the European Community FANPAC programme. The model fan rig is described by
Fisher et al. and therefore only brief details of the test programme are repeated in this paper.

The inlet duct is approximately 870 mm in diameter, and contains a &&shock track duct''
facility which consists of 24 pressure transducers imbedded in the hard-walled cylindrical
duct. The transducers were stationed between 13)5 and 594 mm upstream of the fan.
Therefore, the aspect ratio of the duct is ¸/D+0)68; this is slightly longer than a typical
inlet duct where ¸/D+0)5.

The fan has 24 blades, and a design speed of 10 100 r.p.m. Results in this paper are for the
fan operating at 80, 90 and 98% design (or nominal load NL). At 80% NL the tip speed just
exceeds sonic velocity, and hence the &&rotor-alone'' pressure "eld will propagate upstream
in the inlet duct. The axial station of each transducer may be calculated in terms of ¹ by
using equation (1), thereby permitting comparisons between the data and the non-linear
simulation models. Comparisons of the attenuation of the "rst four BPF harmonics with
¹ are presented, and the EO frequency spectrum measured at two positions in the duct
which correspond to axial stations where z/b"0)5 and 1.

The validity of the weak-shock approximation may be questionable close to the fan. For
a regular sawtooth the Sound Pressure Level of the waveform is

SP¸"10 log
10

1
12

p2
s

P2
ref

, (25)

+183)2#20 log
10

s at ¹"0, (26)

where the static pressure P
0
"105 Pa, and the reference pressure P

ref
"20]10~6 Pa. The

amplitude of the BPF tone is approximately 2 dB less than the SP¸ of the waveform. For
example, in Figure 9, the initial BPF tone of +180 dB corresponds to a shock strength of
s"0)8. Therefore, although the initial shock strength may be large, the validity of the
weak-shock approximation will be reasonable because the shocks are rapidly attenuated
(non-linearly) near the fan, thus ensuring that s will then be small.

3.2. SET-UP

The simple plane two-dimensional description of the &&rotor-alone'' pressure "eld
(Figure 1) is used as the basis for the propagation models: TDNS and FDNS. It is assumed



Figure 13. Pressure signature by a supersonic fan.
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that shortly upstream of the fan, the shock waves and expansion fans coalesce into
a continuous waveform*a sawtooth. The initial conditions for the TDNS and FDNS
models are the same; both require the construction of an irregular sawtooth which is
representative of the pressure signature near the fan. The subsequent propagation of this
waveform from a location near the fan, upstream to the end of the duct, may then be
calculated in the time (TDNS) or frequency (FDNS) domain.

The experimental results include EO frequency spectra measured in the inlet duct. These
results show the SP¸ by the duct wall at a series of axial stations upstream of the fan. In
order to construct an initial waveform, the SP¸ of the BPF tone and the &&Buzz-saw'' tones
near the fan is required. In principle, the &&exact'' sawtooth may be measured, and this
waveform may be used by TDNS and FDNS. However, measuring the sawtooth is in
practice di$cult because the required data sampling rate must be very high. Therefore, the
sawtooth is estimated by using the spectral measurements as outlined below.

There is a small region upstream of the fan before the shock waves and expansion fans
coalesce. In this pre-coalescence region the pressure "eld is assumed to consist of a series of
isolated pulses. The true description of the pressure "eld is undoubtedly more complicated
(and the weak-shock approximation will not be valid close to the fan's leading edge).
However, this idealized model will provide an instructive description of the generation of an
irregular sawtooth.

The idealized pressure signature in the pre-coalescence and coalescence regions is shown
in Figure 13. The neutral characteristics are de"ned to be the expansion waves on which the
pressure is equal to P

0
. These represent stationary points in the moving frame of reference x.

In the pre-coalescence region, perhaps, a realistic pressure signature is shown with the
dotted line. The pressure signature is approximated by a series of isolated pulses (shown
with the solid line) because it is assumed that the amplitude on one side of the shock (and
gradient of the expansion fan) will be far greater than the other side. Hence (by de"nition), it
is assumed that in the pre-coalescence region the majority of the attenuation will be on one
side of each shock.

In theory, each isolated pulse may be identi"ed with an individual rotor blade; therefore,
the initial amplitude of each pulse may vary slightly to account for variations
(pre-dominantly) in the blade stagger angle. The inter-shock spacing j between the pulses is
assumed to be constant because when compared with variations in the blade stagger angle,



Figure 14. (a) Isolated pulse propagation and (b) irregular sawtooth propagation.

&&BUZZ-SAW'' NOISE IN AERO-ENGINE INLET DUCTS 139
variations in the blade spacing do not signi"cantly contribute to the generation of
&&Buzz-saw'' tones (cf. Stratford and Newby [6]).

In the pre-coalescence region, each shock propagates at a velocity proportional to the
shock mid-point pressure p

m
(equation (4)), whereas the velocity of each point on the

expansion fan is proportional to the pressure at that point (equation (3)). Each shock will
coalesce with the preceding expansion fan. If the initial isolated pulses are identical, then
each shock will coalesce with the preceding expansion fan at the same time, generating
a regular sawtooth. However, if the pulses are not identical, then coalescence between the
shocks and expansion fans will occur at slightly di!erent times, thus generating an irregular
sawtooth.

During the pre-coalescence region the expansion fans attenuate one side of each shock
(because the velocity of a point on the expansion fan close to the top of the shock will travel
at a greater velocity than the shock). It is implicitly assumed that the energy dissipated by
the shocks is equal to the loss of energy predicted by the non-linear attenuation of each
shock. This assumption is discussed in greater detail by Pierce [15] (see pp. 581}582).

By using equation (4) the pressure gradient q of an expansion fan will be

q"1NA
1

q(t"0)
#

c#1

2o
0
a
0

tB. (27)

Assuming q (t"0)A1, and by using a2
0
"cP

0
/o

0
and ¹"a

0
t/j, equation (27) reduces to

q (¹)+
1

¹ A
2cP

0
c#1B

1

¹

, (28)

which is consistent with equation (6). Therefore, after a su$cient time the expansion fans
will be linear and independent of their initial gradient. Therefore, di!erences between the
expansion fan gradients attached to each shock become negligible. Denote ¹

c
as the

coalescence time (i.e., the time when the last shock and expansion fan have coalesced), and
assume that when ¹*¹

c
, equations (6) and (28) are valid.

Figure 14(a) sketches a series of isolated pulses equally spaced j apart with the ith pulse
prescribed with shock amplitude p

i
and expansion fan gradient q

i
. In Figure 14(b), the

pulses have all coalesced and the expansion fan gradient q is now the same between each
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shock. Therefore, the amplitude of each shock p
s

will be the same, although the shock
mid-point pressures p

mi
will vary.

An irregular sawtooth is constructed by specifying the shock mid-point pressures p
mi

,
i"1 . . B at coalescence. Denote the shock with the smallest mid-point pressure, i.e., the
shock with the least velocity, and hence the last one to coalesce, by subscript j. Therefore, at
coalescence the shock amplitude p

s
(¹

c
) is de"ned as 2p

mj
, with the expansion fan gradient

q(¹
c
)"2p

mj
/j. This will uniquely de"ne an irregular sawtooth speci"ed by the shock

mid-point pressures at coalescence.
For a regular sawtooth

p
mi
"r

0
, i"1 . . B, (29)

where r
0

is a constant. For an irregular sawtooth

p
mi
"r

0
#

B~1
+
n/1

r
n
sin(2nni/B!/

n
), i"1 . . B, (30)

where r
n

are constants. The starting level of the BPF tone is prescribed by r
0
, and the

starting levels of the &&Buzz-saw'' tones are prescribed by r
n

for n"1, 2, 3,2 for EO
1, 2, 3,2 respectively. The relative phasing of each &&Buzz-saw'' tone is given by /

n
. The

relative phasing is unknown, and therefore the phases are generated randomly between !n
and n. Therefore, the initial waveform constructed at coalescence will not be unique.

However, without the measured data it will be necessary to estimate suitable starting
levels for the BPF and &&Buzz-saw'' tones. In this case, it is suggested that the simplest
estimate will be to assume that the initial levels of the &&Buzz-saw'' tones are all equal. Then
only two estimated SP¸s will be required; namely, the BPF tone and the &&Buzz-saw'' tone.
The initial waveform may be thought as approximately a regular sawtooth with small
perturbations in the shock mid-point pressures. Therefore, to estimate the initial BPF tone
assume that the waveform is regular, and then the level is calculable in terms of the initial
shock strength s (equation (26)). The initial &&Buzz-saw'' tone level is a measure of the small
perturbations in the shock mid-point pressures of the irregular sawtooth. In the Stratford
and Newby paper [6] the principle source of perturbations to the pressure signature were
due to blade stagger angle variations. In principle, the &&Buzz-saw'' tone level may be
thought of as a function of the blade stagger angle. Stratford and Newby provided an
empirical relationship between changes in the blade stagger angle and resulting changes to
the pressure signature.

The EO frequency spectrum (EO 1}96) measured at the "rst transducer in the &&shock
track duct'', for the FANPAC fan operating at 80, 90 and 98% NL, are shown in Figure 15.
FDNS predictions were started by using the data measured at the "rst transducer in the
duct in order to construct an initial irregular sawtooth. It is to be emphasized that only the
SPL of the BPF and &&Buzz-saw'' tones is used. Figure 15 shows that the initial frequency
spectra of the waveforms generated to be used by FDNS closely resemble the measured
data; in particular, there is close agreement between the EO tone levels at frequencies higher
than BPF, which suggests that this set-up procedure to construct an irregular sawtooth is
realistic.

3.3. FDNS RESULTS

The procedure to construct an initial waveform includes a set of initial phases which are
unknown (and therefore generated randomly). Hence, there is no unique waveform
constructed at each operating condition. Therefore, a sample of waveforms (which all have



Figure 15. FDNS: EO 1}96. Comparison between FDNS results and experimental data for the FANPAC fan
operating at (a) 80, (b) 90 and (c) 98% NL. Spectral comparisons near the fan: ** FDNS; f, FANPAC data.
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a frequency spectrum closely resembling the measured spectrum) are generated. Then the
non-linear propagation of each waveform is calculated by using FDNS, and the results
are then averaged in order to generate a &&mean'' prediction. At each operating condition the
results also include a 95% con"dence interval for the sample mean generated by using the
student t-test. This provides an estimate of the variation in the results due to small changes
in the initial pressure signature caused by changing the phasing whilst constructing the
waveform.

Figure 16 shows the variation in the BPF tone for a series of simulations at 90% NL.
(The &&mean'' prediction is shown in Figure 19(a).) At supersonic operating speeds the
&&Buzz-saw'' EO modes facilitate the attenuation of the BPF tone. The BPF tone for
a regular sawtooth is attenuated by the transfer of energy between the BPF harmonics. In
an irregular sawtooth the BPF tone may also be a!ected by non-linear interactions between
EO modes (other than the BPF harmonics) whose mode numbers' sum or di!erence equals
B, thereby increasing the attenuation of the BPF tone compared with a regular sawtooth. In
simple terms, the shock-spacing con"guration becomes progressively distorted, and
therefore poorly synchronized with the blade passing frequency.

The complexity of the spectral non-linear interactions suggests that prediction of the
energy in individual EO modes may be di$cult. In theory, there exist shock-spacing
con"gurations which contain little (or no) energy at some of the EO modes. (For example, in
a regular sawtooth the Fourier coe$cients C

m
,0 for all m other than the BPF harmonics.)

Whilst the waveform propagates it is continually modi"ed, and hence energy may be
transferred to or extracted from each EO mode. At some locations in the duct the
shock-spacing con"guration will become poorly synchronized with an individual EO mode,
but because the waveform is continually being modi"ed, the poorly synchronized
waveforms are likely to only occur at localized positions in the duct. The attenuation of
each tone is therefore not necessarily monotonically decreasing with ¹. (For example, the



Figure 16. FDNS: variation of BPF tone. Comparison between the theory for a regular sawtooth, FDNS results
and experimental data for the FANPAC fan operating at 90% NL: } } }, regular sawtooth; 000 FDNS
simulations; h, FANPAC data.
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attenuation of the BPF harmonics in Figures 19 and 21 are not all monotonically
decreasing.)

In Figure 16, the FDNS simulations vary up to 10 dB by the end of the duct. Hence, the
choice of an initial waveform may signi"cantly a!ect the results. The likelihood of this
determines in part the width of the 95% con"dence interval bounding the &&mean''
prediction shown in all the FDNS results. The precise pressure signature generated by a fan
is in general unknown. Perturbations in the waveform are primarily caused by small
blade-to-blade variations in the fan. These will be di!erent for every fan, even with fans of
the same design speci"cation. Therefore, in simplistic terms the measured data may be
viewed as the results from a single &&observation'' for the model fan used in the FANPAC
research programme. Whereas the FDNS &&mean'' predictions may be viewed as the results
from a sample of &&observations'' (generated by numerical simulations) for a set of fans, all
with the same design speci"cation as the model fan. Thus, the FDNS results do not
represent a precise attempt to predict the experimental data.

Comparisons between the FDNS predictions and experimental data are shown in
Figures 17}22 at 80, 90 and 98% NL. Figures 17, 19 and 21 show the "rst four BPF
harmonics against ¹, for the values of ¹ prescribed over the length of the &&shock track
duct''. Error bars are plotted in these "gures to denote the 95% con"dence interval.
Figures 18, 20 and 22 show the EO frequency spectrum at two axial stations in the inlet
duct: z/b"0)5 and z/b"1. In these "gures, the 95% con"dence interval is shown by the
dashed lines above and below the &&mean'' prediction.

In Figure 17, at 80% NL the BPF harmonics are predicted reasonably well by the FDNS
simulations. At this speed, there is little di!erence in the BPF tone between the prediction
for a regular sawtooth, the FDNS &&mean'' prediction, and the experimental data. In
Figure 18(b), it is seen that EO modes 1}9 are clearly &&cut-o!'', and that the FDNS results
successfully model the decay of these &&cut-o! '' modes. (Compare the amplitudes of these
modes by the end of the duct with their starting amplitudes shown in Figure 15(a).) These



Figure 17. FDNS: BPF harmonics 1}4. Comparison between the theory for a regular sawtooth, FDNS results
and experimental data for the FANPAC fan operating at 80% NL: } } }, regular sawtooth; **, FDNS;
h, FANPAC data. (a) 1BPF; (b) 2BPF; (c) 3BPF; (d) 4BPF.

Figure 18. FDNS: EO 1}96. Comparison between FDNS results and experimental data for the FANPAC fan
operating at 80% NL: **, FDNS; f , FANPAC data. (a) z/b"0)5; (b) z/b"1.

&&BUZZ-SAW'' NOISE IN AERO-ENGINE INLET DUCTS 143
evanescent modes will have relatively little e!ect on the other modes in the frequency
spectrum.

In section 2.3, Figures 11 and 12 show a comparison between TDNS and FDNS results
obtained by using an initial irregular waveform with a frequency spectrum similar to the



Figure 19. FDNS: BPF harmonics 1}4. Comparison between the theory for a regular sawtooth, FDNS results
and experimental data for the FANPAC fan operating at 90% NL: } } }, regular sawtooth; **, FDNS;
h, FANPAC data. (a) 1BPF; (b) 2BPF; (c) 3BPF; (d) 4BPF.
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measured spectrum for the FANPAC fan at 80% NL (compare Figures 12(a) and 15(a)).
These results when compared with Figures 17 and 18 demonstrate the e!ect of not
including &&cut-o! '' in the model. Firstly, by the end of the inlet duct the attenuation of the
&&cut-o! '' EO modes is not predicted. (Compare the EO frequency spectra in Figures 12(b)
and 18(b).) By the end of the inlet duct the &&Buzz-saw'' EO modes will typically be the
dominant tones in the EO frequency spectrum. Therefore, close prediction of these tones is
desirable. Secondly, as discussed above the presence of high-amplitude &&Buzz-saw'' EO
modes will increase the attenuation of the BPF tone. Therefore, without the inclusion of
&&cut-o! '' in the model the amplitudes of all the &&Buzz-saw'' EO modes are likely to remain
high by the end of the inlet duct, and this may signi"cantly increase the attenuation of the
BPF tone. (Compare the attenuation of the BPF tone in Figures 11(a) and 17(a).) Therefore,
predictions generated by using FDNS (with the inclusion of &&cut-o! '' in the model) will in
general be a signi"cant improvement over TDNS results.

At 80% NL (compared with 90 and 98% NL) there is less energy in the &&Buzz-saw'' EO
modes (which implies less variation in the shock mid-point pressures), and therefore the
sawtooth will be more regular than at the higher speeds. Thus, in Figure 17(a), the
attenuation of the BPF tone is predicted closely by the theory for a regular sawtooth.
However, at 90 and 98% NL the BPF tone is poorly predicted by the regular sawtooth
theory (cf. Figures 19(a) and 21(a)). More low-frequency EO modes will be &&cut-o! '' at
80% compared with those at 90 and 98% NL because 80% is close to the transonic
operating speed. Hence, at 80% NL the BPF tone su!ers less attenuation by non-linear
interactions between modes other than harmonics of BPF, compared with those at higher
operating speeds, because there is less energy in the &&Buzz-saw'' EO modes because of
&&cut-o! ''. At higher speeds less of these low-frequency &&Buzz-saw'' EO modes are &&cut-o! ''.



Figure 20. FDNS: EO 1}96. Comparison between FDNS results and experimental data for the FANPAC fan
operating at 90% NL: **, FDNS; f , FANPAC data. (a) z/b"0)5; (b) z/b"1.
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The EO frequency spectra in Figure 18 show that there is good agreement between the
experimental data and the FDNS predictions at 80% NL. At z/b"1, there are three
characteristic features in the spectrum to note. Firstly, there are several &&Buzz-saw'' EO
modes which are &&cut-o! ''; including a linear attenuation term in equation (20) has
successfully modelled the &&cut-o! '' behaviour. Secondly, the &&Buzz-saw''EO modes that are
not &&cut-o! '' do not su!er any signi"cant attenuation over the length of the inlet duct.
Thirdly, all the high-frequency EO modes ('BPF) are well attenuated by the end of the
duct, resulting in a spectrum dominated by the BPF and &&Buzz-saw'' tones. At this speed
these three features have been successfully predicted by the FDNS simulations.

In Figure 19, at 90% NL the "rst three BPF harmonics are also predicted reasonably
well by the FDNS simulations. At this higher operating speed a closer prediction of the
BPF tone is obtained by using FDNS, compared with the theory for a regular sawtooth. In
Figure 20(b), the dominant energy in the frequency spectrum is in the BPF and &&Buzz-saw''
tones. Now at most three of the low-frequency EO modes are &&cut-o! ''. Once again there is
good agreement between the experimental data and the FDNS predictions, but at this speed
the close agreement is only observed up to between 2 and 3]BPF. At higher frequencies the
amplitude of the measured data is consistently less than the FDNS &&mean'' prediction.
(Although not signi"cantly less than the lower bound of the 95% con"dence interval.)

In Figure 21, at 98% NL the "rst two BPF harmonics (near the end of the inlet duct) are
predicted reasonably well by the FDNS simulations. However, the measured amplitude of
each of the BPF harmonics rapidly decays shortly upstream of the fan. The reduction in the
BPF tone is greater than 20 dB. This behaviour has not been predicted by the FDNS
simulations. This may be caused by a loss of synchronization between BPF and the
shock-spacing con"guration. However, this behaviour is usually observed further upstream
of the fan, presumably because the distortion of the waveform only occurs after a su$cient
time (or distance) of propagation. At this high-speed three-dimensional e!ects will be more
signi"cant compared with those at the lower operating speeds, because the shock strength
by the duct wall is likely to be reduced at the fan's design condition due to shock



Figure 21. FDNS: BPF harmonics 1}4. Comparison between the theory for a regular sawtooth, FDNS results
and experimental data for the FANPAC fan operating at 98% NL: } } }, regular sawtooth; **, FDNS;
h, FANPAC data. (a) 1BPF; (b) 2BPF; (c) 3BPF; (4) dBPF.
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swallowing. (Note in Figure 15(c) the measured BPF tone near the fan is less than at 80 and
90% NL.) Also, it is plausible that there may be destructive interference between the "rst
and second (n"1, 2) radial modes close to the duct wall. At this speed, all the higher order
radial modes may not be &&cut-o! ''. The radial eigenfunctions prescribed by the Bessel
functions J

m
with n"1 and 2 have opposite signs at the duct wall. There is no radial

dependence prescribed in the FDNS model, and therefore the rapid decay of the BPF tone
close to the fan may not be possible to predict by using this simulation model. However,
from a practical point of view this speed is not an important operating condition for noise.

In Figure 22(b), the dominant energy in the frequency spectrum is again in the BPF and
&&Buzz-saw'' tones. Now at most one of the low-frequency EO modes is &&cut-o! ''. Once
again there is good agreement between the experimental data and the FDNS predictions,
but at this speed the close agreement is only up to about 2]BPF. At higher frequencies the
amplitude of the measured data is again consistently closer to the lower bound of the 95%
con"dence interval than the FDNS &&mean'' prediction.

In general, the dominant energy in the frequency spectra at 90 and 98% NL are the
&&Buzz-saw'' tones, and their level has been successfully predicted by the FDNS simulations
(cf. Figures 20 and 22). At these higher speeds fewer of the &&Buzz-saw'' EO modes are
&&cut-o! ''. The amplitude of the &&Buzz-saw'' tones remains approximately constant in the
inlet duct. It is believed that the high-frequency ('BPF) EO modes are more e$ciently
attenuated compared with the low-frequency ((BPF) EO modes (particularly at these high
operating speeds), and therefore there is no mechanism to enable the attenuation of these
&&Buzz-saw'' tones. (Non-linear spectral interactions between the low- and high-frequency
modes will not occur because the high-frequency modes are rapidly attenuated to linear
amplitudes.) The comparison between the data and FDNS is poorer at high frequencies at



Figure 22. FDNS: EO 1}96. Comparison between FDNS results and experimental data for the FANPAC fan
operating at 98% NL: **, FDNS; f , FANPAC data. (a) z/b"0)5; (b) z/b"1.
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both 90 and 98% NL. It is also noted that the measured amplitude of the high-frequency
EO modes at 90 and 98% NL is signi"cantly less than at 80% NL.

The dissipation of energy by the shocks has not been examined in this paper. In TDNS
energy dissipation is not explicitly included in the formulation of the model. In FDNS,
energy dissipation is explicitly included, but not to directly model the dissipation of energy
by the shocks. It is su$cient in this paper to assume that the dissipation of energy by the
shocks will be more e$cient at high frequencies; this behaviour is formulated by the
di!usion term in Burgers equation (19), although in the FDNS model it is included to
necessarily dissipate energy at the high frequencies close to the truncation point of the
Fourier series. The rate of attenuation of the high-frequency EO modes is therefore
questionable, and in particular at 90 and 98% NL there is not such close agreement
between the data and the predictions at the high frequencies compared with those at the low
frequencies.

4. CONCLUSIONS

The &&rotor-alone'' pressure "eld in the inlet duct of an aero-engine is approximated by
a plane two-dimensional model consisting of a series of shock waves and expansion fans,
generated by a uniform supersonic #ow impinging on a cascade of fan blades. The shock
waves and expansion fans coalesce generating a pressure signature, which in a direction
normal to the shocks, is characteristically a sawtooth waveform. This model approximates
the &&rotor-alone'' pressure "eld attached to a supersonic ducted rotor inside an aero-engine
inlet duct.

By assuming the shocks are &&weak'', the attenuation of a regular sawtooth is predicted by
using weak-shock theory. Similarly, the propagation of an irregular sawtooth is calculated
in the time domain by using weak-shock theory. However, this model (TDNS) does not
include the e!ect of the duct wall on the pressure waveform. In most modern aero-engines
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there will be an acoustic liner on the wall of the inlet duct. However, in a hard-walled inlet
duct there will be a range of modes (or frequencies) that are &&cut-o! ''. An alternative model
(FDNS) is developed which approximates the inherently three-dimensional duct wall
boundary condition in a two-dimensional model. The problem is transformed into the
modal/frequency domain, and the attenuation of modes with frequencies up to 100]BPF is
calculated. The inclusion of a numerical di!usion term enables the Fourier series to be
truncated without adversely a!ecting the results. This model will be applicable to use with
both hard- and soft-walled inlet ducts. In this paper, results are presented for hard-walled
ducts only.

In a subsequent paper the e!ect on &&Buzz-saw'' tone generation with soft-walled inlet
ducts will be discussed. A similar analytic expression for the non-linear attenuation of
a regular sawtooth in the presence of an acoustic liner is known [8, equation 2.11]. In
a soft-walled inlet duct the liner performance will depend on the mode number (or
frequency), and the operating speed of the fan. These may both be incorporated into the
FDNS model. With a hard-walled inlet duct the linear attenuation term which is used to
modify Burgers equation is only an absorption term (i.e., in equation (20) p is real).
However, in equation (8) k

z
is complex, and with an acoustic liner, it will be more realistic to

set p to be complex in order to include the e!ect on the phase caused by the liner, in addition
to the attenuation.

Finally, the noise radiated from the inlet duct of an aero-engine may not be con"ned to
the &&rotor-alone'' noise. In practice, the inlet #ow will not be uniform, and the non-uniform
inlet #ow may generate noise commonly known as &&distortion'' or &&interaction'' tones
(closely analogous to rotor}stator interaction tones). The experimental data does not
di!erentiate between the alternative noise sources. Therefore, the results in this paper also
suggest that in a hard-walled inlet duct the dominant noise source is the &&rotor-alone''
pressure "eld.
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